Raikov's conjecture states that semi-abelian categories are quasi-abelian. A first counterexample is contained in a paper of Bonet and Dierolf who considered the category of bornological locally convex spaces. We prove that every semi-abelian category I admits a left essential embedding into a quasi-abelian category K l (I) such that I can be recovered from K l (I) by localization. Conversely, it is shown that left essential full subcategories I of a quasi-abelian category are semi-abelian, and a criterion for I to be quasi-abelian is given. Applied to categories of locally convex spaces, the criterion shows that barreled or bornological spaces are natural counterexamples to Raikov's conjecture. Using a dual argument, the criterion leads to a simplification of Bonet and Dierolf's example.
Introduction
Quasi-abelian categories are additive categories A with kernels and cokernels such that the class of all short exact sequences endows A with an exact structure in the sense of Quillen [21] . Due to this natural exact structure, quasi-abelian categories provide a general framework for relative homological algebra and K-theory [21, 12, 24, 27] . In functional analysis, they arise as categories of topological vector spaces (Banach or Hilbert spaces, locally convex spaces, nuclear spaces, etc.). Similarly, many categories of topological abelian groups (e.g., arbitrary, Hausdorff, locally compact, etc.) are quasi-abelian.
Other examples are abelian varieties, filtered D-modules [15] , representations of orders over a Cohen-Macaulay domain of dimension less than three [25] , torsion classes in abelian categories [24] , and so on.
Yoneda [30] introduced quasi-abelian categories in 1960. Later on, they were rediscovered several times, under the same name by Succi Cruciani [28] and Schneiders [27] , as ''preabelian'' categories by Jurchescu [1] , as ''semi-abelian'' categories by Raikov [22] , and as ''almost abelian'' categories in [24] .
Raikov also considered the formally weaker concept of a semi-abelian category (see Section 1), and Heller [8] showed that a sufficient amount of relative homological algebra, including higher Ext-groups, can be constructed in semi-abelian categories, too. Nevertheless, Raikov's conjecture [14] which states that semi-abelian categories are quasi-abelian remained undecided for a long time. Note that Raikov [22] used the term ''semi-abelian'' instead of ''quasi-abelian'' while Palamodov [18] , a participant of Raikov's seminar at Moscow State University, introduced semi-abelian categories in the weaker sense, as we did much later in [24] , ignorant of Palamodov's paper.
After finishing [24] , we had not heard about Raikov's question, but it seemed to us that the category Bor of bornological locally convex spaces is semi-abelian but not quasi-abelian. We asked a similar question to Bierstedt who communicated it to his collaborators. In their joint paper [3] , Bonet and Dierolf prove that cokernels in Bor need not be stable under pullback, a fact which implies that Raikov's conjecture is false (see Section 3). Another counterexample is given in [26] , where we use a tilted algebra of type E 6 to construct a semi-abelian but not quasi-abelian Krull-Schmidt category with six indecomposable objects: Let Q be the quiver with commutativity relations according to the two squares. For a field K , the path algebra A = KQ is then a tilted algebra of type E 6 . The category of finitely generated projective A-modules is semi-abelian but neither left nor right quasi-abelian.
In the present paper, we analyse the delicate relationship between quasi-abelian and semi-abelian categories. Recall that a full subcategory I of an additive category A is said to be reflective if the inclusion I : I → A has a left adjoint L : A → I. We call I left essential if, in addition, the components of the unit η : 1 → IL are epic and essentially monic. We show first that a left essential full subcategory I of a semi-abelian category A can be obtained as a localization [Σ   −1 ]A, and that (Σ, I) is an injective structure in the sense of Maranda [17] . As a consequence, we infer that I is again semi-abelian. Our first main result (Theorem 1) states that every semi-abelian category I admits a left essential full embedding into a quasi-abelian category A with enough projectives such that I coincides with the full subcategory Proj(A) of projectives in A. Furthermore, Theorem 1 asserts that up to equivalence, A is uniquely determined by I. In particular, this gives a one-to-one correspondence between semi-abelian categories and a class of quasi-abelian categories, up to equivalence. We construct K l (I) := A as a full subcategory of mod(I). For example, if R is a noetherian ring of global dimension 2 such that R-proj is semi-abelian (see [26] ), then K l (R-proj) ⊂ R-mod consists of the submodules M of finitely generated projective R-modules such that M has projective dimension 1.
For a left essential full subcategory I of a quasi-abelian category A, we give a necessary and sufficient criterion for I to be quasi-abelian (Theorem 2). We apply this criterion to the category A = LCS of locally convex spaces and focus our attention to two subcategories of major importance, namely, the category Bar of barreled spaces, and the category Bor of bornological locally convex spaces. Both categories are semi-abelian by Theorem 1, while a single application of Theorem 2 shows that Bar and Bor are not quasi-abelian.
In the bornological case, we also apply Theorem 2 in a dual fashion, that is, by embedding Bor into the category BOR of convex bornological spaces in the sense of Houzel [10] . We show that LCS and BOR are related by an adjoint pair of functors with common image Bor. Using the full embedding Bor → BOR, Theorem 2 leads to a simplification of Bonet and Dierolf's example [3] which reduces the functional analytic arguments to a minimum.
Semi-abelian localization
An additive category A is said to be preabelian if every morphism has a kernel and a cokernel. A sequence −→ C with a = ker b and b = cok a is said to be short exact. We depict kernels by and cokernels by . A preabelian category A is called left semi-abelian [24] if each morphism f ∈ A has a factorization f = ip with a cokernel p and a monomorphism i.
By [24] , Proposition 1, this is equivalent to the property that for a pullback [18, 24, 27, 28] .
Recall that an essential monomorphism is defined to be a monomorphism m such that any morphism m with m m monic is itself monic. A morphism is regular if it is monic and epic. For a full subcategory C of a preadditive category A, we denote by [C] the ideal of A generated by the identical morphisms 1 C with C ∈ Ob C. The full subcategory whose objects C satisfy 1 C ∈ [C] will be denoted by add C. We say that a subcategory Σ of a preadditive category A is left Ore if Ob Σ = Ob A and any pair of morphisms f 1 : A 1 → B 1 and a : A 1 → A 0 with a ∈ Σ can be completed to a commutative diagram (1) with b ∈ Σ. If, in addition, a relation fa = 0 with f ∈ A and a ∈ Σ implies that there is a morphism b ∈ Σ with bf = 0, we call Σ a left denominator subcategory. In the terminology of [6] , this means that Σ admits a calculus of left fractions. So there is a preadditive quotient category [Σ −1 ]A consisting of formal fractions a −1 f with a ∈ Σ and f ∈ A. For a full subcategory I of a preadditive category A, let Mon(I) stand for the subcategory of morphisms a : A → B such that every morphism A → I with I ∈ I factors through a. On the other hand, let Σ be a subcategory of A. We write In Σ for the largest full subcategory I of A such that Σ ⊂ Mon(I). Following Maranda [17] , we call (Σ, I) an injective structure of A if Σ = Mon(I), I = In Σ, and every object A of A admits a morphism A → I in Σ with I ∈ I. By [17] , Proposition 2, a full subcategory I of A defines an injective structure (Mon(I), I) if and only if add I = I and I ⊂ A is covariantly finite [2] , i.e. every object A of A admits a morphism η A : A → I in Mon(I) with I ∈ I. (c) I is a reflective subcategory [16] of A which satisfies the implication r ∈ Σ, sr ∈ Σ ⇒ s ∈ Σ. 
Definition 1. Let A be a preadditive category. We call an injective structure (Σ, I) localizing if it satisfies the equivalent conditions of Proposition 1. We say that a full subcategory I of A is left rejective [11] if I = add I and every object A of A admits an epimorphism η A : A → I in Mon(I) with I ∈ I.
Note that a left rejective full subcategory I of A is reflective, so that the unit of the corresponding adjunction has the components η A . For an abelian category A, a left rejective full subcategory is also called a pretorsion-free class of A. Proof. The first statement follows immediately by Proposition 1. Let L : A → I denote the left adjoint of I → A, and let k : K I be a kernel in A with I ∈ I. To show that K ∈ I, consider the unit morphism η K : K → LK . Then k = gη K for some g : LK → I. Assume that k = ker f in A. Since η K is epic, this implies that fg = 0. Therefore, we find a morphism s :
This proves that η K is invertible. Since I = add I, we infer that K ∈ I. Now we turn our attention to semi-abelian categories. Definition 2. Let A be a semi-abelian category. We call a full subcategory I of A left essential if I is left rejective such that the components η A of the unit are essentially monic. Dually, we call a full subcategory P of A right essential if P op is left essential in A op .
Proposition 3. Every left essential full subcategory I of a semi-abelian category A is semi-abelian.
Proof. By Proposition 2, there is a localizing injective structure (Σ, I) in A with Σ = Mon(I). Let L : A → I be the left adjoint to the inclusion I → A. For a morphism f : I → J in I, let c : J C be its cokernel in A, and let η C : C → LC be the unit morphism. Then η C · c : J → LC is a cokernel of f in I.
By Proposition 2, the kernel k : K I of f in A belongs to I. Similarly, the kernel j : J J of η C · c in A belongs to I. Since η C is monic, j = ker c. Furthermore, there is a morphism e : I → J with f = je. Since A is right semi-abelian, e is an epimorphism. Hence I is right semi-abelian. Let d : I D be the cokernel of k in A and η D : D → LD the unit morphism. Thus η D d is the cokernel of k in I, and e = rd with a regular morphism r ∈ A since A is left semi-abelian. As J ∈ I, there is a morphism s : LD → J such that r = sη D . Since η D is an essential monomorphism, we infer that s is monic. Whence I is left semi-abelian.
The structure of semi-abelian categories
In this section, we give a criterion to distinguish semi-abelian from quasi-abelian categories. An object P of an additive category A is said to be projective [24] if for each cokernel A B in A, the induced homomorphism Hom A (P, A) → Hom A (P, B) is surjective. By Proj(A) we denote the full subcategory of projective objects in A. Similarly, we write Inj(A)
for the full subcategory of injectives, i.e. projective objects in A op . We say that A has enough projectives if each object A of A admits a cokernel P A with P projective.
For an additive category A, we denote by mod(A) the category whose objects are morphisms a : A 1 → A 0 , and whose morphisms a → b are commutative squares (1) Furthermore, Proposition 3 implies that I is semi-abelian.
To obtain the converse, we have to deal with torsion theories in quasi-abelian categories.
Definition 4.
Let A be a quasi-abelian category. We define a torsion theory in A to be a pair (T , F ) of full subcategories closed under isomorphism such that Hom A (T , F ) = 0 and every object A of A admits a short exact sequence
with TA ∈ T and FA ∈ F . We call T the torsion class and F the torsion-free class of the torsion theory. Note that every quasi-abelian category A arises from torsion theories (R, A) and (A, R) in abelian categories Q l (A) and Q r (A), respectively (see [24] , corollary of Theorem 2). Proposition 5. Let A be a quasi-abelian category with a torsion theory (T , F ). Then T and F are quasi-abelian.
Proof. By symmetry, it suffices to prove that F is quasi-abelian. To this end, we show first that F is left quasi-abelian. Since every cokernel in F is of the form I A FA, where I A is a cokernel in A and FA the torsion-free part of A, any cokernel in F is also a cokernel in A. Therefore, a pair of morphisms f 0 : A 0 B 0 and b : B 1 → B 0 in F , where f 0 is a cokernel in F , can be completed to a pullback (1) in A where f 1 is a cokernel in A. Since A 1 ∈ F by Proposition 2, it follows that f 1 is a cokernel in F . Thus F is left quasi-abelian. By [24] , Proposition 3, it remains to be shown that F is right semi-abelian. Let f : I → J be a morphism in F with cokernel c : J C in A. Since A is right semi-abelian, we have a factorization f = ke with k = ker c and an epimorphism e. So we get a pullback
in A which is a pushout by [24] , Proposition 1, while i is a kernel by [24] , Proposition 4. Therefore, the commutative diagram has short exact rows and columns. By Proposition 2, we have D ∈ F . Since TC ∈ T , it follows that de is epic in F . Hence F is right semi-abelian.
Theorem 1. Let I be a semi-abelian category. Up to equivalence, there is a unique kernel category A with I ≈ Proj(A).
Proof. Let mod 1 (I) be the full subcategory of mod(I) whose objects can be represented by monomorphisms I 1 → I 0 with I 0 , I 1 ∈ I. Since I is left semi-abelian, Proposition 10 of [24] implies that mod 1 (I) is quasi-abelian. As I is right semi-abelian, every monomorphism m : I 1 → I 0 in I has a factorization I 1 t → I i I 0 with a regular morphism t and a kernel i. Regarding m as an object of mod 1 (I), it is readily verified that
is a short exact sequence in mod 1 (I). If R (resp. A) denotes the full subcategory of mod 1 (I) whose objects I 1 → I 0 are regular (resp. kernels) in I, then every morphism ϕ : r → a in mod 1 (I) with r ∈ R and a ∈ A is zero. In fact, if ϕ is given by a commutative square
in I, and c = cok a, then cf 0 r = 0, which gives cf 0 = 0. Hence f 0 factors through a, and thus ϕ = 0. Furthermore, the short exact sequence (4) shows that R and A are closed with respect to isomorphisms. Hence (R, A) is a torsion theory in mod 1 (I). By Proposition 5, this implies that A is quasi-abelian.
For a morphism
in A, consider the pullback and pushout Hence rb is a cokernel of a in Proj(B), and thus a is the kernel of rb in Proj(B). Since B has enough projectives, this shows that a = ker b in B. As an immediate consequence, this implies that F is full and faithful. To show that F is dense, let B ∈ Ob B be given.
Since B has enough projectives, there exists a short exact sequence K I B in B with I ∈ Proj(B). By Proposition 2, we have K ∈ Proj(B). Thus F is dense. This proves that F is an equivalence.
By Theorem 1 and Proposition 4, we have

Corollary. Up to equivalence, there is a one-to-one correspondence between semi-abelian categories and kernel categories.
Note that the by the dual of this corollary, semi-abelian categories also correspond to cokernel categories. Thus for any semi-abelian category A, there are natural embeddings (6) into quasi-abelian categories, where K l (A) is a kernel category, and K r (A) is a cokernel category, such that
By Proposition 1, A can also be obtained as a localization of K l (A).
The next result gives a criterion to distinguish semi-abelian from quasi-abelian categories. Proof. To prove the sufficiency, let i : I J be a kernel in I, and let f : I → I be any morphism in I. Consider the pushout
If the condition of the criterion holds, the composed map η A j : I → LA is a kernel in A. As the components of the unit η are monic, η A j is also a kernel in I, which shows that I is left quasi-abelian. By Proposition 3 and [24] , Proposition 3, I is quasi-abelian.
Conversely, assume that I is quasi-abelian. Let i : I A be a kernel in A with I ∈ I, and let p : J A be a cokernel in A with J ∈ I. Then we have a pullback
in A, and I ∈ I by Proposition 2. By [24] , Proposition 4, j is a kernel in A. Since the unit morphisms η B with B ∈ Ob A are monic, this implies that j is a kernel in I. As p factors through (i p) : I ⊕ J → A, it follows by [24] , Proposition 2, that (i p) is a cokernel in A. Hence (8) is a pushout, and thus η A i is a kernel in I since I is quasi-abelian. By Proposition 2, we infer that η A i is a kernel in A.
Barreled and bornological spaces
Let X be a C-vector space. A subset C of X is said to be convex if (λ + µ)C = λC + µC holds for complex numbers λ, µ > 0. The set C is called circled if λC ⊂ C holds for |λ| 1. As usual, we write Γ C for the convex circled hull of C . We say that a circled set C absorbs D ⊂ X if D ⊂ λC for some λ > 0. If C absorbs all finite subsets of X , then C is called absorbing. By LCS we denote the category of (not necessarily separated) locally convex spaces (over C) with continuous linear maps as morphisms. For X ∈ LCS, we write B X for the set of bounded sets, i.e. subsets B ⊂ X which are absorbed by every 0-neighbourhood of X . Then B X defines a bornology in the sense of Definition 5 (cf. [10, 9] ). Let X be a C-vector space. A collection B of subsets which cover X is said to be a convex bornology of X if the following are satisfied.
A convex bornological space is a C-vector space X with a convex bornology B X .
The convex bornological spaces form a category BOR with bounded linear maps as morphisms, i.e. linear maps f : X → Y which satisfy f (B) ∈ B Y for all B ∈ B X . The following proposition is well known [24, 20] .
Proposition 6. The category LCS of locally convex spaces, and the category BOR of convex bornological spaces, are quasi-abelian.
We give a brief description of BOR and LCS. 
For a locally convex space X , the convex bornological space B(X ) is given by X with the convex bornology B X . Conversely, let X be a convex bornological space. A circled subset U ⊂ X is said to be bornivorous if it absorbs every B ∈ B X . The convex circled bornivorous sets form a base U X of 0-neighbourhoods of the locally convex space T (X). Note that the components η X : X → BT (X) of the unit and the components ε X : TB(X ) → X of the counit are bijective. A locally convex space X is said to be bornological if it is reflexive with respect to the adjunction (9), i.e. if ε : TB(X ) → X is a topological isomorphism. The bornological locally convex spaces form a full subcategory Bor of LCS which is equivalent to the full subcategory of objects X in BOR for which η X : X → BT (X) is an isomorphism.
The definition of the adjunction (9) implies that (9) splits into a pair of adjunctions
such that Bor is a reflective full subcategory of BOR and a coreflective full subcategory of LCS. Furthermore, we have Proof. The first statement follows immediately from the description of BOR and LCS. Therefore, let X be an object in BOR.
For each convex circled B ∈ B X , let X B be the linear subspace of X generated by B. We endow X B with the bornology consisting of the subsets of some λB with λ > 0. Thus X B ∈ Bor. Let Y = B∈B X X B be the coproduct of these X B in BOR, that is, the coproduct of vector spaces such that B Y consists of the subsets of direct sums B∈B λ B B ⊂ B∈B X X B with B ⊂ B X finite and λ B > 0. Then T (Y ) is the locally convex direct sum of the semi-normed spaces X B , and thus Y ∈ Bor. So the inclusions X B → X yield a surjection B∈B X X B X which is a cokernel in BOR.
Corollary. The category Bor is semi-abelian.
Proof. This follows immediately by Proposition 3.
Remark. The second statement of Proposition 7 cannot be dualized in a direct way. Namely, let X be a non-zero separated locally convex space, given by a system of semi-norms p U , with absorbing sets U = Γ U. Then every p U makes X into a seminormed space X U . So there is a normed quotient space X U is bornological whenever |U| is smaller than the smallest strongly inaccessible cardinal (see [13] , 28.8).
Theorem 2 enables us to show that several classes of locally convex spaces form a semi-abelian but not quasi-abelian category, thus providing natural counterexamples to Raikov's conjecture [14] . We will restrict our attention to bornological and barreled spaces.
Recall that a subset B of a locally convex space X is said to be a barrel if B is closed, convex, circled, and absorbing. Clearly, X always admits a base of 0-neighbourhoods consisting of barrels. A locally convex space X is said to be barreled if conversely, each barrel is a neighbourhood of 0. Let Bar ⊂ LCS denote the full subcategory of barreled spaces. Proof. Robert's construction [23] (cf. [19] , 4.4) shows that every locally convex space X admits a universal bijection ε X : X ba → X in LCS with X ba barreled such that every morphism Y → X in LCS with Y barreled factors through ε X . Hence Bar is right essential in LCS. For any X ∈ LCS, we have a decomposition X = X 0 ⊕X sep such that X 0 carries the trivial topology and X sep is separated. Therefore, the above remark shows that X sep is a subspace of a product of Banach spaces, whence X can be embedded into a barreled space. Proof. By the corollary of Proposition 7, the category Bor is semi-abelian, while Bar is semi-abelian by the dual of Propositions 3 and 8.
To show that Bar and Bor are not quasi-abelian, we give a simultaneous counterexample to the condition in Theorem 2.
Let C (X) denote the locally convex space of complex valued continuous functions on a Tychonoff space X , endowed with the compact-open topology. Recall that X is said to be pseudo-compact if every real valued continuous function on X is bounded;
X is called a µ-space [4] if every pseudo-compact subspace is relatively compact. Note that the real compactification υX of X contains a smallest µ-space X ⊃ X . We denote it by µX. [7] . It is easily seen that the one-point compactification T * of T coincides with the Stone-Čech compactification βT of T (see [7] Remark. Regarding Bor as a full subcategory of BOR, we can apply Theorem 2 directly to obtain an alternative proof of the fact that Bor is not quasi-abelian. This implies Bonet and Dierolf's result [3] that cokernels are not stable under pullback in Bor. Moreover, Theorem 2 yields the following simplification. 
